Active hydrodynamic theories are a powerful tool to study the emergent ordered phases of internally driven particles such as bird flocks, bacterial suspension and their artificial analogues. While theories of orientationally ordered phases are by now well established, the effect of chirality on these phases is much less studied. In this paper, we present the first complete dynamical theory of orientationally ordered chiral particles in two-dimensional incompressible systems. We show that phase-coherent states of rotating chiral particles are remarkably stable in both momentumconserved and non-conserved systems in contrast to their non-rotating counterparts. Furthermore, defect separation-which drives chaotic flows in non-rotating active fluids-is suppressed by intrinsic rotation of chiral active particles. We thus establish chirality as a source of dramatic stabilization in active systems, which could be key in interpreting the collective behaviors of some biological tissues, cytoskeletal systems and collections of bacteria.
Biological systems are driven out of equilibrium by a continuous supply of energy at the scale of constituent particles. This nonequilibrium driving generates macroscopic forces and currents that are responsible for diverse phenomena ranging from rotation of the cell nucleus [1] to motion of tissues to flocking of starlings [2] . Active hydrodynamics [3] [4] [5] , which augments traditional theories of ordered fluids with extra "active" terms arising from nonequilibrium driving, presents a general continuum framework to model the macroscopic behaviour of such microscopically driven systems.
Orientationally ordered phases in such active systems have properties that are qualitatively distinct from their equilibrium counterparts. This includes the existence of long-range order in active versions of two-dimensional X-Y models [6] , anomalously large number fluctuations [3, 7] , and a generic instability whereby an ordered phase of active particles devolves to a spontaneously flowing state in active momentum-conserved fluids [1, 8, 9] .
Despite their variety, previous studies of active orientable fluids are overwhelmingly restricted to achiral assemblies of particles. Biological objects are however generally chiral, and this microscopic chirality is manifested at all scales up to the cellular [10] or even at multicellular [11, 12] levels. While some authors have considered three-dimensional chiral active fluids [13] [14] [15] , the dynamics of many two-dimensional biological or biomometic chiral systems from epithelia to confined bacterial suspensions remain poorly understood.
In this paper, we consider orientationally ordered phases of such systems in a wide array of experimentally realisable dynamical settings. We consider both nematic and polar objects in two-dimensional momentumconserved fluids, two-dimensional systems at the interface between two fluids, and suspensions in contact with substrates acting as momentum sinks. We study systems that break top-bottom inversion symmetry, which allows for new, strictly two-dimensional chiral stresses and active rotation of individual particles. Such systems may display ordered phases where many particles rotate in phase in the plane, and we show that a fast enough rotation suppresses the generic instability in these systems, allowing long-range order under most conditions, including momentum-conserved systems where it was hitherto assumed that all orientationally ordered phases are generically destroyed by active forcing. We also demonstrate that another destabilizing mechanism, the activity-driven separation of ±1/2 defects in systems with nematic symmetry, is also suppressed by autonomous particle rotation. Indeed, the self-propelled +1/2 defect generically moves in circles, which prevents it from separating ballistically from a −1/2 defect. In chiral, yet non-rotating systems, the +1/2 defects do propagate ballistically, albeit at an angle relative to the direction of their polarity. In the following, present a detailed study of the prototypical case of apolar chiral particles in a momentumconserved two-dimensional film, and then discuss how changing the modalities of momentum exchange with the substrate and/or introducing polar particles modify our results.
Dynamical equations for an apolar chiral fluid
We describe our apolar suspension by a nematic order parameter that depends on the two-dimensional position vector r:
where S denotes the degree of orientation and θ(r, t) is the orientation angle of the apolar particles with respect to the x axis. In the absence of fluid flow and activity, the relaxational dynamics of the system is governed by the standard Landau- for simplicity:
This free energy favours an orientationally ordered phase when α < 0. We further introduce the hydrodynamic velocity field v(r, t) and its symmetrized gradient tensor
Including all terms allowed by symmetry to leading order in gradients, the evolution equation for the order parameter generically reads
where D t denotes the corotational derivative and is the two-dimensional Levi-Civita tensor. The first term on the right-hand-side of Eq. (3) describes the passive relaxation of Q under the influence of the passive torque H = δH/δQ deriving from Eq. (2), and the second term expresses the tendency of the apolar particles to orient along the velocity gradient. The next two terms are explicitly chiral: the third is a coupling between orientation and flow allowed in passive fluids, while the fourth is specifically active and describes the intrinsic rotation of chiral particles. In a perfectly ordered phase without any flow or concentration gradient, this last term makes the ordering direction rotate globally at a constant rate:
As the order parameter deviates from this perfectly ordered configuration, flows are generated according to the force balance equation
where η is the viscosity, Π the pressure enforcing the incompressibility constraint ∇ · v = 0, and ζ and ζ c are respectively achiral and chiral active coefficients. The achiral active force stems from the fact that a local polarity leads to a local force in active systems; since ∇ · Q implies a local polarity (associated to bend or splay in two dimensions), it leads to a local force along or opposite this polarity depending on the sign of ζ [8] . By contrast, the ζ c term characterizes the fact that in the absence of a left-right symmetry, a local polar distortion can lead to a force in the direction transverse to it. Equation (4) ignores passive force densities, which are proportional to ∇ · H due to Onsager symmetry, as they are higher order in gradients than the active force densities. It also uses a simplified form for the viscous dissipation, taking the viscosity η to be a scalar instead of a more general Qdependent rank four tensor. This simplification does not change any of our results qualitatively even if an antisymmetric "odd viscosity" specific to chiral nonequilibrium systems is included [16, 17] , as this term ends up being a pure gradient and is therefore irrelevant to the dynamics of incompressible flows.
Enhancement of linear stability by chiral rotation
Having set up the dynamical equations, we investigate the stability of a homogeneous ordered phase with a constant S = 1 rotating at a rate Ω. We thus write θ(r, t) = Ωt + δθ(r, t) where δθ denotes a small perturbation. Using Eq. (4) to eliminate the velocity field, Eq. (3) yields an evolution equation for the angle field δθ q in Fourier space. To zeroth order in wavevector q, it reads
where φ is the angle that q makes with the x axis, implying that (φ − Ωt) is the angle between the wavevector direction and the instantaneous ordering direction. When both ζ c and Ω vanish, Eq. (5) leads to the wellknown O(q 0 ) mode of an active nematic [8] . This mode has a positive q-independent growth rate for some values of φ, irrespective of the value of ζ, reflecting the well-known generic instability of active suspensions to either bend (perturbation along the ordering direction) or splay (perturbation transverse to the ordering direction) [3, 8] . Now considering a non-zero ζ c at Ω = 0, the ordered phase is still generically unstable since (ζ cos 2φ + ζ c sin 2φ)(1 + λ cos 2φ − λ c sin 2φ) is always negative for some value of φ irrespective of the parameter values. While analogous to the generic instability of achiral active fluids, the growth rate of this instability is not invariant under φ → −φ, reflecting the breaking of the left-right symmetry by chirality. As a result of this symmetry breaking, when chiral fluids are confined to and strongly anchored at the boundary of a straight [9, 11] or annular [1, 10, 18 ] channel whose width is larger than the (∝ 1/ √ ζ) length-scale for active instability, left-tilted and right-tilted patterns are no longer equally probable. Furthermore, unlike the generic instability, which due to the φ → −φ symmetry, always sets in at the wavevector aligned at φ = π/4 to the ordering direction independent of any parameter values, the instability of active chiral fluids sets in at a value of φ which depends on the ratio of ζ and ζ c . As a result, the φ angle sector where the system is stable can thus be larger (or smaller) than the sector where it is unstable. Now considering Ω = 0 systems, we find the rotation of the particles can suppress this generic instability. This stabilization is most easily understood in the fast-rotating limit where Ω (ζS)/2η and Ω (ζ c S)/2η, meaning that the angular frequency of the particles is much larger than the growth rate of the generic instability. Averaging over this fast rotation, we obtain the effective long-time dynamics of the angular fluctuations as The achiral force ζ∇ · Q (blue arrows) destabilizes a bent configuration by inducing a torque that tends to enhance the distortion relative to a perfectly horizontally aligned state. (b) As the particles rotate by an angle π/2, however, the bent configuration is converted to a splayed configuration. This results in a reversal of the achiral force, which now suppresses the distortion. Depending on parameters, the superposition of these opposite trends may result in a overall stable system.
the stabilisation of the ordered phase. Since δθ is also the phase of the angular rotation of the particles, this implies that the fluctuations about the phase-coherent state is damped out by the fluid-mediated interactions.
To understand this stabilization, consider a system that, for Ω = 0, is unstable to bend (φ 0) deformations and stable to splay (φ π/2). In such a system, when the global ordering direction rotates at the rate Ω, a bend deformation becomes a splay deformation after the rotation of the global ordering direction through π/2 (Fig. 1) . Thus, for fast enough rotation, the unstable configuration is converted into a stable one before the instability has had time to grow. In general, if for Ω = 0 the growth rate of angular fluctuations is negative (i.e., stable) in more directions than it is positive (i.e., unstable) in, rotation of the particles at a fast enough Ω stabilises it. This is reminiscent of stabilisation in a Paul trap or the stability of a ball on a rotating saddle. Further, since Eq. (6) is independent of |q|, the relaxation rate of angular fluctuations does not vanish even for infinite systems when ζλ > ζ c λ c . As a result, when modelling a noisy system by adding a small noise to (3) we find that the root mean square value of δθ remains finite for q → 0 in two dimensions. This implies that the system has long-range order even in two dimensions. This chirality-induced spontaneously rotating phase is the only known long-range ordered state in two-dimensional momentum-conserved active systems.
Suppression of defect separation
Chirality also has important consequences beyond linear stability. At high activity (large ζ), the dynamics of achiral active nematics is known to be governed by the proliferation and motion of defects, which induce chaotic flows beyond those predicted by a linear stability analysis [19] . In nematics, the most abundant defects are those with charge ±1/2, which can be parametrised by
where ψ is the angle of the two-dimensional polar coordinates. The defects with charges +1/2 have a polar structure and therefore, in an achiral system, move either in the direction of or opposite to the polarity [19, 20] . In contrast, the −1/2 defects have a triaxial symmetry, implying that they can only diffuse. As a result, the relative ballistic motion of the two types of defects leads to a separation of (+
2 ) defect pairs. This activity-driven unbinding of charge-neutral pairs, which can spontaneously arise from thermal fluctuations, can ultimately lead to the destruction of the orientationally ordered phase via an active analogue of the Kosterlitz-Thouless transition and eventually result in spatio-temporal chaos. In a chiral system, the self-propulsion velocity of +1/2 defect is however markedly different: by introducing Eq. (7) into the right-hand-side of Eq. (4), we can calculate the active force density associated with a +1/2 defect oriented along the x axis at t = 0 [21]:
where r is the radial distance from the defect core. Using the Oseen tensor appropriate for two-dimensional momentum conserved flows in a domain of size R, we can calculate the fluid velocity at the origin (i.e., at the centre of the defect), which in turn advects the defect core [19] :
This is the self-propulsion velocity of a +1/2 defect in a chiral apolar fluid. For non-rotating systems (Ω = 0), we see that unlike in achiral systems, the defect does not move along (or opposite) to its polarity but at an angle tan −1 (ζ c /ζ) to it. In contrast, when Ω = 0 the polar axis of the defect rotates systematically (see Fig. 2 ). Therefore, the +1/2 defect does not move ballistically but in a circle. This implies that a +1/2 defect remains within a finite distance of its −1/2 partner, eventually recombining with it due to the passive attractive interaction between the two. Therefore, beyond conferring linear stability, chirality-induced active rotation also leads to the suppression of chaos-inducing defect-separation.
Generality of our results
The combined influence of the achiral (ζ) and chiral (ζc) active forces endows a +1/2 defect with a self-propulsion velocity (blue arrow) that makes an angle tan −1 (ζc/ζ) with the main direction of the defect (dashed line). (b) As each particle rotates autonomously, this main direction rotates as well. The defect velocity thus also rotates at a constant rate Ω, and the self-propelling defect moves in a circle.
The qualitative conclusions described above for momentum-conserved two-dimensional systems also hold for more experimentally accessible two-dimensional interfaces in contact with a three-dimensional fluid. However, the relaxation rate of angular fluctuations in these systems depend linearly on the wavevector magnitude |q|:
where the fluids above and below the interface are both taken to have a viscosity η for simplicity. As a result, an Ω = 0 system is still unstable as q → 0. Nevertheless, rotation stabilises the system and leads to a long-range ordered phase as described above [21] . Our conclusions about the motion of defects are also still valid. Our basic conclusion regarding the enhanced stabilisation due to the chiral rotation of particles is also valid for a system that exchanges momentum with a solid substrate, e.g., an epithelial cell layer. This case is however more complex than the previous ones, as the force balance equation Eq. (4) is modified in two crucial ways. First, a frictional force −Γv is introduced. Second, a further achiral active force 2ζ 2 Q · (∇ · Q) is allowed [22] . In this system, the relaxation rate of angular fluctuations is proportional to O(q 2 ) due to the presence of friction. As a result, the root mean square value of δθ in this case diverges logarithmically, which in turn implies that the ordered phase only has quasi-long-range order. The conclusions reached earlier about the lack of φ → −φ symmetry of the relaxation rate and the motion of defects when Ω = 0 remain valid, however. The fast rotations for large Ω = 0 again wash away the anisotropy of the angular relaxation rate, leading to an average growth equation
with similar characteristics to Eq. (5) [21]. As before, +1/2 defects move in circle. Note that while achiral apolar fluids on a substrate are not generically unstable even at high activities [22] , the spontaneous rotation of the chiral particles enlarges the range of parameter in which the chiral system is stable relative to the achiral one. In particular, unlike in the achiral case, neither ζ 2 > ζ 1 nor |λ| < 1 is essential for stability. Now considering polar particles instead of apolar ones, our conclusions regarding the stability of the long-ranged ordered rotating phase and generic instability of the nonrotating one remain unchanged for both free-standing films or those exchanging momentum with a threedimensional fluid. Indeed, in these momentum-conserved systems, polarity does not affect the dynamics at lowest order in gradients. The case where the particles are in contact with a substrate does however qualitatively differ from its apolar counterpart, as it allows for particles that both self-propel and rotate. These particles thus swim in circles. The absence of momentum conservation additionally allows for a coupling between the polarization of the particles and the velocity of the fluid. In the presence of an incompressible fluid, which was ignored in previous treatments [23] [24] [25] [26] [27] , these couplings can enhance the stability of the ordered phase coherent state of these circle swimmers, leading to a stable long-range ordered phase with a relaxation rate independent of system size [21, 28] .
The theory presented here may be extended to study the dynamics of concentration fluctuations as well. We perform this analysis in the supplement [21] , and show that the number fluctuations in almost all rotating ordered phases are normal, i.e., the root mean square number fluctuations in a region containing N particles on average scale as (δN ) 2 ≈ √ N , as it should in all equilibrium systems. The number fluctuations in the chiral apolar phase on a substrate are however giant and scale as (δN ) 2 ≈ N both when Ω = 0 and Ω = 0.
Experimental implications
Our study has implications for recent experiments suggesting that some epithelial cell layers form chiral, albeit non-rotating phases [11] . These cellular aggregates display an asymmetry between left and right-tilted patterns when confined in narrow straight channels, as predicted by our theory. Such experiments should additionally allow for the measurement of the direction of propagation of a +1/2 defect, which we predict should be tilted at an angle tan −1 (ζ c /ζ) with respect to their polarity axis. As a result, the measurement of this angle can immediately reveal the strength of chiral active forces relative to the achiral ones.
Beyond these non-rotating systems, chiral rotation has recently been observed in a nematic quasi-twodimensional layer of microtubules with kinesin motors [29] . In this system, microtubules locally rotate in synchrony, with their phase being preserved over distances of millimeters. This persistence of order is striking when compared with the rapid onset of spatiotemporal chaos in non-rotating microtubule assays [30] , and could hint at a stabilization of order by rotation. Reproducing these rotating phases at a two-fluid interface in conditions similar to those of Ref. [30] would yield more insights into their relative stability, and would allow to assess the additional suppression of turbulent flows by the circular motion of +1/2 defects. The existence of this globally rotating phase is all the more remarkable since any alignment mechanism based purely on steric interactions between the microtubules should be hindered by local rotation. Finally, our predictions regarding polar chiral swimmers could also be tested experimentally, for instance using bacterial strains known to swim in circles near a solid surface [31] . A dense collection of such bacteria in a confined channel would be an example of a polar chiral fluid, as would engineered chiral anisotropic particles [32] endowed with a self-propulsion mechanism [33] [34] [35] . When confined in two dimensions, such systems should display a stable rotating phase and characteristic circular motion of +1/2 defects. Overall, we argue that the study of these and other chiral active systems has the potential to overturn the widespread belief that incoherent flows are inevitable in active systems.
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